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Year 1 Complex numbers - multiplication of complex numbers

e 2o ) ()

(a) write down the exact value of
(1) ‘le2|
(i1) arg (lez)

1. Given that

V34 SIHLNI ILIM LONOG

2
Given that w=zz, and that arg(w") =0, where n € Z'
(b) determine
(1) the smallest positive value of n

(i1) the corresponding value of |w”

3) )
)
Ca) Notice given two complex numbers 2, and in_ mod-arq $orm (2=r(¢ose4isine»

uhere >, has tobe converted into :
1

to make it into an ADDITION seea inthe general mod-acg formula

by trae due to covx EVEN FUNCTION
cos(x)=cos(~x)
+reflective symmetry Over y-axis
W and sinx 90D FUNCTION
=sin () =sin(~x]

W wdl CE AKX B E Tl LA

now applgi'\‘] 2, and to be mu\iipliei - have to multiply moduli and add
the drguments : 23, = qrz(cos(9,+e,) +isir\(e,+e,))

)
)z 2.0 = 3¢ g
=3J2 2
(iif arg (z. ) = o.rg(;,) s ars( ) ?.
Lireading Off {rom the 79' (a ¢iven mod-arq form: ;
=3+ () :
s4r_a >
12 12 m

=3a

VZ

< ﬂ'/,_f

— MR OO
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Question 1 continued

(k) using part (a),
W=200 (os() #isin( ))
=) W= (3.5.)1((05(“/4) +isia("/l-[))q'
using De Moivre's theorem oa the angles
L3 (cos(x)+isinlx)}* = cosfnx) +isia(ax)
can just multiply (aner angle by n’

= = (212 Y (cos(un) +isia( /4 1))

Li) given that ata(u")=0 ythis suggests that w" must be completely
real, so Im(2%)=0

considering unere sin =0
Mfyn =0
3 diff . possibilities (.‘1..m -vesas n€Q*)

:)n=0 =)ns ) =)n=g

reject as n is b:z inen ::edl‘ v
. 990 °
VAN i o an '-:“.-. reject

.‘.n=8

[ii) subking in (ato |u*/
= (312)
=104,936

(Total for Question 1 is 5 marks)

3



Year 1 Linear transformations - invariant lines

The matrix A represents the linear transformation M.

Prove that, for the linear transformation A, there are no invariant lines.

C))

(a) METHOD | : transforming the line y=mx+C
an tavaciaat line (S a line of poinls (call ot ~4=mx+c as a VECTOR (-fxn))
which wnder the voald be mapped to diffeteal points 1.@
X' . .
(mx'i-CJ on the SAME gtraight Line

formulating this as an equation (using Mx =4)

C )(MJ;H): macsc)

madrix multiplication “'rous into columas - let product matix be (':“'")

(2,1)
-f0C A1)’
G(x) + ((-z)(nxu))
= §x-2mx -2¢
cnfor Aga,) ¢
S(x) +3(mx+c)
= Sx+3mx+3c
and equating to RHS

bx-2mx-2¢ ):( x' ,
Sx+3mX 43¢/ \MXHC
=) 4x-2mx-2¢c=x' -@
Sx +3mx 43c=mx'+c -@®
Subbing O into @

$¢ 4 Imx+3c= m(l(x, -2mX -1¢c) +C
expand :

$x +3mx+3c=Ymx-2mix -2mc +C

collect x'sand ¢'s oa ecther Side:

X (S+m) +3¢ = X(4m-2m?) +(c-2mc)

compare coefficients:

X N
§+3m z4m-2m? (¢-2mc) =3¢
1c--2mcC

- 2 -
=) 2m°-m+5=0 but m not real

— MR 0 O
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check f real using the determinant:b*-Hac
-1)'-4(2)(5)
= 1-4(10)

= -390

hence no real solutions for ‘m' (a yzmxicC
] < ho invariant ((nes
METHOD 2: transformation of points

an invariant line (S @ line of points -let the points be (fj) 'each of which vnder the

are mappOd. to another poil\(‘ (";:) on the same line : \J=MX+C.
l-ovmulqéing this as an equation :

(L D))

matrix multiplication “rods into tolumns” a
( le‘lj )
S+ 3y
€quate to R.4.S
( b -2 _(x‘)
Sx ¢ 3\3) "y
into (inear Qqqq{»ioAS:

'-lx-lvj =x!
SX 434y

oy Su bbing in ysmx+cC (n both $o lfe on. Same squith line

4x-2(mxsc)zxe’  Tx43(mx+d =y’
IHX-2mx-2¢ =) Sx+3mi +3csy'
“'C(fblise_ x's and ‘¢

factorise x's and C's:
= x(M-2m)-2¢ X(S+3m) 43¢y
And sub into points : y'=mxlc
X(S+3m)+3c=m [x(4-2m)-2¢] +c
expaad square brackets :

X(S+3m)tdc = x(Ym-2m?) +(C'2"",
Compare (oefyicients:
N

$43m s 4ym-2m?
=) 2mi-m 4+$0
check i real using determinant:b2-Yac
(-1)*-u4(2)(s5)
| - 4(10)
-39 .0

- .- Congtants:
3c=C-2m(C

but 'm' ao real solutions
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Question 2 continued

(Total for Question 2 is 5 marks)

R PO 0 R0 0 5
Turn over »
P 6 6 7 9 7 A 0 5 3 2 urnove



Year 2 Series - finding Maclaurin series for inverse trig functions; using compound substitutions
into Maclaurin series

3. f(x) = arcsinx -1 <x<1

(a) Determine the first two non-zero terms, in ascending powers of x, of the Maclaurin
series for f(x), giving each coefficient in its simplest form.

C))
1
(b) Substitute x = 5 into the answer to part (a) and hence find an approximate value for z

Give your answer in the form g where p and ¢ are integers to be determined.

(2)

(a) know Maclaurin series as an infinitely lonq polynomial where the coeffitients
of the powers of x* are determined by $x) and its derivatives all evaluated
at O

Flx) = (o) +£1(0) + X 4'(01 -4 Z o).
| (given ia formula booklet]

hence need to keep dc‘Hcreniiah’ng and evo\lua{-ing at O vatil we get
our NOA-2070 terms

fOx) =arcsinx £(0)=0
Frxl = ﬁ"_—x, (from formule booulet)
= (1-x)" £1(0) 21%’:((“‘ - |
e —
2 x = o(1-0**2 -
= x([-x) 2 x-2x or (T?_O"]% 0

(prep for chain rule ]
or X ay, (prep for quofieat
(l-:c) L f\Alf-)
{\\l(z) - N0 uayS to evaluate this: TR
: product rule - from ‘char ) -3
UAYL: productrafe-fom S = (0 4 £3(0) (o)
(1-xY ¥ +-!o/2x(|-x‘)"7‘ x-2) = |
= (1=x})k 4 322 (-
QR WAY 2:using quotieat rule
u X ve(l-x)% :
| v):g/z(l_x;,lgx_lx -

‘(m(o) - _'-}_O
I

P 6 6 7 9 7 A 0 6 3 2
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Question 3 continued
'
= -3x(lI -x)'%
wsing I d(4) - vu'suv!
Sing rule Tx( v) = vu't

Y Y,
= (1-x3) "2 ¢ 22(1-x*) %
(1-x?)3
.-.subbintj non-2¢/0 terms into Maclauvrin ger@s formula,

F(x)-x +-§!-‘+...
(b) Substituting in x='/, firstiafo L.H.S
M‘“ﬂ('/z) =sia" ('L} = Tle
thea into R.H.S

= (;'_) + (33,7)34-...

|
+ = gy
2 tygt

=) LUS=RHS

(Total for Question 3 is 6 marks)
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4.

Year 1 Series - using sum of first n cubes, squares and constants formulae
In this question you may assume the results for
21’3 , Erz and Zr
r=1 r=1 r=1

(a) Show that the sum of the cubes of the first # positive odd numbers is

n(2n—1)
(3)
The sum of the cubes of 10 consecutive positive odd numbers is 99 800
(b) Use the answer to part (a) to determine the smallest of these 10 consecutive positive
odd numbers.
“4)

METHOD [:using (22~
(a) let the cube of a posidive odd number be (2 -1)3
. the sum of the cubes of the first n tve odd numbers (star(:ing
from 1 and eading in ’n"|kas to be
Pascal's hiangle

%'(Zr-lP

expand inner brackets Py |
2

§|((zr)3+3(zr)’(-c)+3(zr)(-l)‘+(-l)’) Ve
i (8(3-l2r1+6r’|)
rs|

Splitting above into sum of sopam{-e terms from (P| -
'Sum of n aatwa( numbers = g | =
“Sum of A (ons{an{ berms = 3_r 3 —n(M-l)
" Sum of squaces: 2 r --,.mn(znm — FoRMVLA BOOKLET
" Sum of cvbes - — FORMVLA BOOKLET

=) 8 —I22r’-+€2r—— 2'I

=) g -n.(zn(ﬂﬂ)(?n*l)}+6(?"‘(""’))_n'

expand brackets
=) 2a3(a+1)? - 2n(a #1) (2041) 4 3a(a+1) - N
fﬁ({olcﬂ ’a! out
n(2a(n+0*-2(a40(2041) +3(n41)- | )

expand inner brachets

P 6 6 7 9 7 A 0 8 3 2
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Question 4 continued
<) l’\.(ln(n‘-\-)n-ﬁl) -2(2nl+3n4l) *3n+3")
) n (1n3+vf+1a - YA -6n =L +3n.+,37'”

%) n (2n3 - rl-)
factorise another ‘nVout :

n2(24'-1)

WAY 2 : (et the cube of a +ve odd aumber be (2a+])
s dhe Sum of the tubes of the fiest ‘n' 4+ve odd numbers starting from 4

to ‘n' must be
z! 3 NOTE - fof serits {o start at 4 nced (24} =(,|3
? (ZIH) =) Qa4+l =|
e =) 240
=>n=0

o~ -[.l ‘n' numbels - qo vp to'a-1"

expand inner brackets (used Pascal's trinngle)
nl a-l
2 (2043 3 ( +i2c2 460t )
€20 =1
gplitting above so that can use the four summation formalae
n n "
=) 8 12562+ 12
rsy = =1l
=8 - ll(?'n(m-l)(ZMI))-l» g(_;f(m)) i ,,_)

expand brackets
= 202(a# ()24 2(a-1)(n)(2n 1) +3ala-1}+H)
{actorise ‘a'out-
= n(ln(m-l)’{- 2a-(2n-1) f3(n-l/+l}
expand (rner brackets
= n(2a(nt-2a+) #2(2n-3n+])43n-3 +l>
= n(2n3- YAt +20 4417604243 -341)
=N ( 243 —'\.)
{ actocise ‘N’ ouk:
= n2(2n2- 1)

9

NN Turn over
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Question 4 continued

(B) 3 different methods to find. an Qxpression for 10 consecutive odd numbers —
all dcpead.'n’ on uhat you fitst coasider the stating 4e/m to be

JAYi: evaluate part (a) from r=n to r=n+9

n49

2 (21'-!)3

€=

lemembua’nqthz vay to manipnlal-e seresS vhen rx|
aQ -

n k-0
r=2u+('l :rélf‘d —rzu )

q
’)"é (20-1)%*- & (2r-1)3
r=] c=l
...Subbing in neu’LimiTs' iato the result from pact(a)
(n+9)*(2(nay-1) - (2 ~1) =
L ftom question
expaond Lrackets

024180481 (2(a2+18481) -1) - ((n2-2a41)(2(a2-20 +1)-1)

Al #+18n481[20243Cn 4161 ) =((a2-2a+1) (2a2-Un + )
204363416142 +36n3 +€4SA2 +2898 n +162n% +29 (60 + 1304
=(204-4y3 sn*-4a348n =20 422 -Un +)

220" +36n 41610242603 4€482 128980 416242 +2916n +304 ] -2 +Ya3

=%+ Ua3-8n2 424 22 44|
= (36+364u+l)ad 4 (1614648 +162-1-8-2)n2+ (289842916 +2 +4)A + (304 -|
=)80n3 +960n2+ S820n +13,040
=) Q0n3 + 460n’ +5€20n - 86360 0

on

=\n:z 6
s.inlo original e xpiession for cvbes of +ve 0dd numbers

¢)-1)
(2(¢) T

WAY 2 :ovaluate gerieS from rsn4l tor:n+10
r=n¢ip

S (23

=
n+10

=) 5 Q2e1*-5 (2e-1)°
r=i =l

10
— R 00
P 6 6 7 9 7 A 0 1 0 3 2



Subbing limits into pact (a)'s expression
("*'O)‘(l(nuoj’--l)-n‘( )
=11+ 20a+100(2(n2+20n+194) -2n" +n?
expand brackets .
=24+ 403410942 ¢4 ON3+ 20007 £ 39800 2004 +4,000n +(9,900- 22" #n

= (40+40Jn3 + (1994800 +200 +1)a? + (3930 + 4,000 n + 19900
= 8043 £1200n*4 }840n -#9,900:0

using and equation solvec -
=)n:z¥
SVBB;'\Q cato lower limid

22(5)* =11
WAY 3-evaluate series {tom rsn-9 to r=n

3 (Zr--l)3 < g(zr-l\s"i
=1

=n-9 rz|
sub into e xpression in part(a)
() (2(n)*=1) = (ne10)2(2(a - 16)-1))
= nt(2n-1) - [(n2-200 +160) (2(a2-204 +100) -1) - ((a2-20a +100)(20*-4Dn
expaad brackets + M‘“\)
= (20%-1)-(22Y-40a3+1990%-40n > + 200N -3980n +200n? 44,000 — 149,900
= (40+40)n3 +(~1-199 -860-200)22 + (2,930 +4,000)n -19,90D :
= 80n-1200n + 78901 - (19,300 =0
-equation Solver
=) n=Iy
Sup into lover limit:
2(rs -4) -1
=i
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Question 4 continued

(Total for Question 4 is 9 marks)
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Year 2 Calculus - differentiation of inverse trig functions

5. The curve C has equation

1
y = arccos sz) —2<x<K2
(a) Show that C has no stationary points.
3)
The normal to C, at the point where x = 1, crosses the x-axis at the point 4 and crosses
the y-axis at the point B.
Given that O is the origin,
. .1 5
(b) show that the area of the triangle OA4B is 2 (p\/g + g+ B ) where p, g and r
are integers to be determined.
(3)

(0.) C kav‘.ag no sfa(«'onacj poratS suqqests that (¢s derivative %0 ineed to
differentiate the equation of C
UAY \:chain rule
using formula {or %c(qrccos‘xkj'_'—:a and. chain rule

(et uz'hx
o

1=o.mos(u)
dy __ L
du = I-u?
Subbing in ‘u'and multiplying by ‘u's' dewvative
444y, de
dx du d)

e
f=(%a® ¥

=t

2 l-'/qxl

Uhich %0 as -1%0
~ C has no stationary points

WAY 2: qs«'agﬂﬁl‘ "
\j:cos"('/;_x)
teking cos of both sides
cosy = cos (cos~{("x))
=) (osy = A X
¥ x2

12

— R 0 00O R
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Question 5 continued

2(053 =X
differentiate urt '

i%-—zg "y

T‘Jlt 25"\3

which %0 as | %0
“- C has no stationary poil\'(s

(5) first need to find the equation of the
susbmg in X:| iato sz from (a)

dy
ax 72 [~/qx)

2r(l|'
2f7.

= -1 -
25 Z
z

- for glodiuf parpendiculer need -ve reciprocal of abeve

nou need to find any coordinate onC —qivea X=/,Sub
{nto equation of C to qet the correspondiag y' coordinate
y = arccos(’y)
- nls
~coordinate : ( l, /)
Hkaouing ‘m' dnd coordinate of C,can find its equation
by subbing iato : Y-Y,sm(x-x,)
<) \J-"/g =J'3(x-l)
expand and make ‘3’ the subject
Sy Jix-R +y
Nou cana -'-l.ﬂd A b»j Mﬂk(‘\g u:o Of above
0- .ﬁ)(-ﬁ* “13
=) fx: 3-04

13
R 00O R Turn over
P 6 6 7 9 7 A 0 1 3 3 2



Question 5 continued

14

=i 24
=yx=1-"%p
“A= (”%ﬁ)ol

and 8 53 mal«'ng ‘x'=0

y:=L3(0)-J3 +1;
s ~fi4”/3

+8=(0,%-13)

sk dd\inq the
T \J

N3-Tf3 @

subbing above into‘area of g iiangle’ formula:
A== (5-%)(1-"As)

expand inner bracket

s i(R=nf_af, 40

x'lzZ( v Ty q.ﬁ)

= (8-2m 4 5 g2)
2 6 54

. Xactorise F'q"“t .

sy (235 -1814530)

=) p=23,¢:-18)r- |

P 6 6 7 9 7 A 0 1 4 3 2
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Question 5 continued

(Total for Question 5 is 8 marks)
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6. The curve C has equation

r=a(p+2cosb) 0<0< 2
where a and p are positive constants and/ p > 2
There are exactly four points on C where the tangent is perpendicular to the initial line.
(a) Show that the range of possible values for p is

2<p<4
5)

(b) Sketch the curve with equation

r=a(3+2cosd) 0<60<2x where a > 0
1

John digs a hole in his garden in order to make a pond.
The pond has a uniform horizontal cross section that is modelled by the curve with equation
r=20(3 +2cos0) 0<0<2rm

where r 1s measured in centimetres.

The depth of the pond is 90 centimetres.
Water flows through a hosepipe into the pond at a rate of 50 litres per minute.
Given that the pond is initially empty,

(c) determine how long it will take to completely fill the pond with water using the
hosepipe, according to the model. Give your answer to the nearest minute.

(7

(d) State a limitation of the model.
(1)

(&)we kaou that for & tangent to be perpeadicular to the initial line, % =0

(tiis is because the gradieat of vertical lines (s undetined, so $rom
the parametric differentiation of hy pesbolic fuactioas:

%} z 3 the denominator has to equsl O)
dx
de
+w§ing parametric definition of (x)9) i-¢ (nose'fsine)
x=rcos ©
Sub (n our
X = cos©

expandiaq brackets

P 6 6 7 9 7 A 0 1 6 3 2

Year 2 Polar coordinates - finding tangents to polar curves; sketching polar curves; finding area of polar curve
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Question 6 continued
X = a.pcosO +2acos’©
nol differentiate %! is just a
&nd using chain rule for d 2y
9 for g.(cos )

% = -apsing + Yacos20(-sinb)
= -apsing — 4acosO sind
- x-|
= apsinO+4acos@sind
and making it =0
=)apsin® +LacosOsinb =0
a —a
=) psin© +4cosOsing = O
factorise sind out
Sin6 (p+Y4cosp) =0
we Uknou that this linears equation hasto produce exactly
four solutions

b

Sn® <0 Ok p+tcosd =0
[} = dresin(0) =) UcosO =P
I D' (ﬁ'O):{T | . |
=)co$9:".f
J 4

=~ because -|¢cosOL| AND

-'.--q"' -y ({l.‘p;'t.\eqc;q((f]

(4]
=) _P. 21 9
xy 4 x4

=) pLy
combining £his uith inequality in the question - p)2

=) 24ptY
(L, given «n f-Ofm q(pfq(ofb) -remembering rules for Skekking

polar coordinates .
(dimple at origin)

17

R 0O R —
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Question 6 continued

now need o table of values ¢o see uhere dimple is (ocated = go vp
{n tactemeats of /o in the RANCE 0L0L2q

:| O [ | m [ 3" | 2a
r: [al3+2) | a(3+40) a(sm—n) (su(cos(’"la)) (3 +20))q
:Sa : da 3a =Sa

\»vv
dimple
trsa(3+2c089)

{:} Y iattial line

(c)f{dfnﬂ first area of the uaiform hotizontal cross-section (polar Méegmh‘on)

WAY |:(imits WAY 2 :expleiting symmetry (limits
4 e 2x1 2
A= %_ er o zf (zo(3+2use)) do
. | qa N
Y j ((20 (3+20050 )40 =q°°\(° 9 +{2¢e$0 + Hcos?O
expanding brackets T qoojz q +[2¢0$0 +q(_7': ¥ E'Cosle)

=) zoof:"(q +12¢050 +Ycos0)d O

< qoof" (11 120050 + Lcos20)dD
Yusing by ideatitier: €050: § 43¢0520

(ntegtate
-)200\( (A +12¢060+2c052042) 4O = YO0 [116 +125in0 +§m?6J¢,

=) zoof"’(uuzcosencmel e | = QOO?CII(MHZ(O)*SV\UI] -Col)

using[cosh6 dO =1t sink+C =400 (i)
=Y200(110+125in0 + 5in20 7, = L4oor

<) 200?[”(2«) $+12sin(2a) +95'\("'ﬁ '01
=) 200(2n) = 4L400n

P 6 6 7 9 7 A 0 1 8 3 2
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Question 6 continued

Nou to ge{ the VOLUME of the pond,need to do:

-~ drea of
= crogg section X depth

4,400 x 90
= 396,600 cm’
but the rate of flou of the waterin the hosepipe
is qiven in Litres - gousing:
| L=1,000cm?
39¢,600cm’ = 3G6aL
= 39€(3.417..)
Vo= \2yyL

~ the for
koseptpe to {-il\, pool miSt be
1244 P
AW~ 83...
5O = 2Smin

(4) pessible limitations:

-polar equation may not be accurate
- sides may not be cmooth

" hole may not be of vaiporm depth

" poad may leak (Qtow\d absorbs water = calculated volume may be da
overestimate)

(Total for Question 6 is 14 marks)
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Year 2 Hyperbolic functions - solving identities and equations; Year 2 Volumes of revolution applied to
integration of polar curves

7. Solutions based entirely on graphical or numerical methods are not acceptable.
VA
y = arsinhx
———————————————————————————— y=p
R
0 X
Figure 1

Figure 1 shows a sketch of part of the curve with equation

y = arsinhx x>0

and the straight line with equation y = S
The line and the curve intersect at the point with coordinates (a, )

1
Given that f = 2 In3

1
how that o= —=
(a) show that « NG
3
The finite region R, shown shaded in Figure 1, is bounded by the curve with equation
y = arsinhx, the y-axis and the line with equation y = f
The region R is rotated through 27 radians about the y-axis.
(b) Use calculus to find the exact value of the volume of the solid generated.
(6)

(a) question is asking us to find the point of intersection betueen 4= arsinhx
and (.¢ to Solve the equation

arsinhoe¢ =
LAY [:usiaq exponeatial definition Of Sinhx
sinh~lot 2 313
{'ohing sinh of both sides
Sinhginh ' = Sinn(3113)
=) K =sinh (1la3)
using sinhx :-zl(e*-e"‘) but vith x-15/a3

P 6 6 7 9 7 A 0 2 0 3 2
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DONOTWRITE IN-THIS AREA

e Tt B KPSy S

PPN KATR TS T R d

DO NOT WRITE INTHIS AREA

Question 7 continued . .
ekl —i...s
A:=€ -e
2

Simplifying the logs using power (0q law :

dlad: ('l(3)./‘ slafy

' -'/1 d
“3lnd = (a(3) ™ = ln(ﬁ)

[}

. e(n(rs\ ’Q(M’(Ts\

s MBI
= R =N G- ;fg-:'/js
2
2

UAY 2 : using formula for arsinhx in formula booklet
AlStnh X =

acrsinhaczln (X+ 2+ )
(in formula book)

but vitlh xa«

tn§o +[xi+1]=1ln3

usins pouer (0glau oa R.M.S
<) la§asfon}=1nf3

Compaie the tn bdt!S;

x+{ael = f3

A Jale) = -
Square both sides:

=) &4l = ([3-x)?
expand binomiall

Aol =(3-2 x +o)
’)-:zzr?:;;};‘ f

(b) remembering the formula for volumes of revolution about the y-axis
\ = n'fz xtdx
and subbing 11 the equation in Ehe question

rearcanged:
=)= S(’l\h,

21
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Question 7 continued

xt=sinkly

a'\d |d:o
Ihin3

a7 sinky dy

(1)
...tupo uays to evaluate ¢€his «'n(-eg/ql:

WAY I: inteqration using triq vdeatities
remembecing rearanged cos dovble angle
Sinix<4 -1 cosx

but to gaé Sinhtic— this iavalves e because
ve have the producl- of ¢uo ‘Sines - have bo negql-e the
standard trig fvaction for cintx
;. Sinhlx = § coSh2x - Y,

Sub iq-lezc‘c\{-equl
hins ]
w20 (Gesnty- )y
usins fcu(klut‘x-‘-_:.sinhkx +<
a [T:-Sl.lﬂdj‘-z-"j],lzhs
«..Sub limits in:
(1S iangf 103 ) = 4 (£ 22)] = (5 sinhC)-4¢ 173
=) ng -;' sinh ([n3) —T"l,.g\‘]
factorise A out
” n ¢ n -1 (S
= (sinh((a}) =1 )

wsing ExPONENT/IAL PEN fo! sinhx

n a3 —iad

= n -1
M (3-%-1a03)
= "/'-l("'/; ‘l433
WAY 2 :ixteqrating uith exponeatial DFN
reviiving ginkly as (F(e?-e¥))?
expiand brachets
. 7o 4,07
= (e 1. 2e% €

P 6 6 7 9 7 A 0 2

\

2 3 2
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Question 7 continued \ _
< T'(QI'J -24+e 1‘5}
sub into inteqraluith '/ out ia front

=) "{elj 2+e-l\ld'j
*Smg exponential integration: Ie ’d‘ ;-—e"j +C

2 °1 VANEY)
) 5 ,-23-_ 1]

_’rr ;ez(,l'\&)_l( Ic\(;))
—)n/ [ letn(s) la(3) - | -t«u) - u{.r-\;gep(:t;ci;ogl'w
= Uy (403) -3 -"“SJ)

=) My (_Sz--'c-lr\(‘sl}

=) n/‘-l %-la(&l)

(n(!))

a( 3)

(Total for Question 7 is 9 mark

P 6 6 7 9 7 A0 2 3 3 2
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Year 2
e Year 2

Complex numbers - finding nth roots of unity & Year 1 Argand diagrams - complex loci &
Polar coordinates - integration of polar curves

8. (i) The point P is one vertex of a regular pentagon in an Argand diagram.

The centre of the pentagon is at the origin.

Given that P represents the complex number 6 + 6i, determine the complex
numbers that represent the other vertices of the pentagon, giving your answers in the
form re”

C))
(i1) (a) On a single Argand diagram, shade the region, R, that satisfies both
‘z—2i‘<2 and inéargzé%n
2
(b) Determine the exact area of R, giving your answer in simplest form.
“4)

(Qyu@ can use the properties of complex nth roots €0 Solve gesmetric problems
like &his (.¢ rotate the given Complex number vertex about the oriqia (multiply
(t by one to get other vertices)
-eulreatly P is given (na atbi form -need it in exponential re'©
ORL: relel=J(a)*+GlE  and 6= atg(t):faa"(_:)
@==(r-0) = J36+26 = tan”'(1)
®=-9 = Jh 62 = My
\\ Im(2) O =0 (tve asin 1 quadrant-see below)
WA . trly
0 P Ehe
noéy qu-h'r\g i.e
O Re(2)
e e d Ly cepresenting angle ﬂ\rougk vhith
vertices att rotated Fo get the reguier
@ pentagon
2,60 o'
2,: 67"
- GJ—ZCNSR/ZO
2652 ei 'f”/zo
= Gﬁ éu"/“ (-2 so priacipal
- 19 arqument form)
- Cj"zé 2o
24
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Question 8 continued 1(2!/20.‘-,
2 l.', - e .
=63 e‘(“/w") (-1r)
= 602 ei(-"/““)
2c= 6N e (*%o]

s ol2 e_(ﬁ/l"“)‘. (-2q)

centre (0,2) rad. 2 (illustrated]
;’né arg(zlé"/; (s in the form
arg(z -2,y=0 uhich represents a half
Line exteadiag from but aot includiag

I (O,D) and mak;c\g angles {-fom."-/g, to
K -:"” Uit ine patallu to X-axts

(U4

[L) METHOD |: for area of shaded R -consider (¢ and use polar inl'eqlaﬁoq
remembering polac integration formula
éirz d6
.need to form a (artesianoquation for the
y Circle (4sing ((i)a) Jand change it to q
polar equation whiCh we can Ehen inteqrate

L/

cirde s x e (y=21'= 4 .
(2 polac juse polar DEN of X=0¢056 and 4:rsiné )
(rcosOl® t(rsin®@-21* =4
=) r2o0s20 + (3in*0-Ursin +Y = 4
=) (2(10c*0 +5in*0) = Yeginh = O
using Pythaq.ideatity
2 et(1)-Yrsin® =6
=r =r

25
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Question 8 continued
r=VYsin®
subbing this iato iateqration of
po(q! equations formula -asvellas o:7/y aad B:=% as limits

1 [Cusing1* 46
e
fnkmg 8ot
g (15 . .
5 Inl.. 25in20 dO
evaluate usic\g {r," .-4enh'4:’: Sintl = -z‘.icosle (reaf(anqu cos double

aa (t,
26iat = [-¢$26

o] iy b (1-cos26]4D
mkeglaimgwtfe [coske db = sinkeé
4(e --smze]"/s
141 =§5n(25)] - [, - 2 (74)]
=) (% - ) - (-4 O ]
collecting like besms inside square brackels
q [ 3= -39 +14]

y (=Bl + 7]
ex pand bratket
=) T3 -3 +2

METHOD 2 : gpometrical method
af, ¥

3 UAY’- usmq -

" am.ut-D {I V_j

—) - area of semiciccle
(
salai*=2q

. area @ -area of isosceles eriaugle

z
& =) using sine (ule = iabr;nc
M- AT - ;_g 2

c 3 = 2( ’3/1,) =J3
AR 0000 R A R
P 6 6 7 9 7 A 0 2 6 3 2
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Question 8 continued

-area. @ -area of a sector : 376
4 (12 ()
s 2ﬂ/3
-area ®
Srt-3)t=a-2

“R=220-(f +7:§-‘+(n+>.\)
-.-(m-l_g) ~J3-m-2

anfy

WAY 2. qceaof @ = - D=0
« <+

area of secto(: ”
L ()2 (2a)) = 91y

area(D = §3 (peev )
wea2) T zn/g(pltr.)
2Ry - [3-(n-3)
= '%-' -f3-m+3

= "/3" 3 +2

(Total for Question 8 is 11 marks)
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Year 2 Complex numbers - sum of complex series

9. (a) Given that ‘z’ < 1, write down the sum of the infinite series

l+z+22+234+ ...

1
(b) Given that z= 5 (cos@ +isinf),

(1) use the answer to part (a), and de Moivre’s theorem or otherwise, to prove that

1 1 . 1 . Psin o
—sinf+ —sin20+ —sin30+... = ———
2 4 8 5 —4cos6

(ii) show that the sum of the infinite series 1 +z +z>+ 23+ ... cannot be purely
imaginary, giving a reason for your answer.

(0) ue knou from Pure Year | that the Sum of aninfinite series Vs
Sw=
® t-r

uhere ‘q' = {lest teem
te) =common ratio
Irl €0 .
- aPP]uiqﬂ given C.MP(QK QQUQf‘°’\. {o a
a:zl|
rs=2

|
*5 Sw: T:}

(b) subbing ‘2" into part (a)

(1)

C))

2

bove IlZ-l‘O)

|+ (3 Lot +isin®) +( (coseusme,) + (% 2((.se+lsme)) ‘..

QXPdnd,
[+3 (coseusme)i- (cos04(sinO) + (coseusmej 4.

and mahing F equal to the RHS
|

- ]T-'z-(cose +isin®)

nou need to manipulate ¢his RHS to make (¢ (bok ((ke

Ehe ‘show Ehat' in the question

WAY |: x2 and using exponential form
1

)-—(wSOuSmél

X2 *J
2

2 - (cosO +isin®)

P 6 6 7 9 7 A 0 2 8 3 2
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Question 9 continued .
uS(f\g Euler's formula : cos® +isin® = e®
2

2-¢0
nov remfmbeu'nq how Eo manipulate hyperbolic fuactions uhere
(.¢ maltiply by uhole denom. uitin power neqated
x(2-¢*°)
w(2-¢®]
) 4-207®
Y+1-2(e®¢e”)
asing ideatity: e'0+e"%=2coc0
=} L"ZC."Q A N\
—_—

-EO}

S-2(2c00)
:} Wﬂ‘e , d ¢ \. .
~ ¥-Yeos®
:n oEfg_g hou Tn fﬁgi&;oq{kqi'il._#i— S;;l ; Q?*jisising = hirel
A WY at P richanged LAS to @ xponeatial
1,i8,1,i form
T rM(I +*ze¢f'h—‘-'<( *f'%‘ J& - N

Qe ANV Jru oy 7 -0
(X, = rM(LHS) S Im L-?f::use'
o - = I [U-2(cos0-isinB) o
ViAW SN \V( (i-ucTw }

. EA L = 44dgnb — |
S -4cosO

UAY 2:using mod-arq {orm-RHUS
{

1~ £ (cvs04isinb |

maltiply by nega{cd mbd-al1
xl—-gcos © +I’.',,',\9

:i(l-%cose -l-z'('sine)

(1-2c0s8)? + ($siad]*

29
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Question 9 continued

I | +4 (ccs®aisinD o (cse +igin@)r..) = Im(c4s)

= EM(RHS)

/I _.
-isme

(1-Lcoso)* +(4sinbl’

1 .
= -2- S$ind
-— ' J , )
[-cosO f-;fco:’é tg, 6inl0
| ..
- —-— ' ° -
= zS'MG ‘ Isme x4 | _ 25in®

I-cos84 4 (1) ~ Tocx® xd §-4cosO
4 N -
using Rythaq . ideatity
WAY 3. %2 dnd neqate mod-acg
[

l—-z'-(to$6+isi46)
X2

¥2

2 -
2 : > éo(e -u’mG)
2 - (o5 +isia®) (cosO-isinb)

T 2(c0sO ~isin0O)
(2-c050)34(sin® )t

Tm( 1+ é(cosefifinel +—,'_‘-(co$9+t':u'nel+--- )= I'n(LHSX

= Im (R HS)

= 25in6

Y-Yeos® +Cos?O +5in?0
- 2“(\6 < 2;,’,‘0‘
Y+|-4cos® | S-ywsO

Lii) UAY [: using part (b)(i)
Gz 4220880/ 25ind )
S =40gd §-cosO
for S tobe purely imag«'narj
Y-2c050 _ 0
$+-4coSO

P 6 6 7 9 7 A0 3 0 3 2
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Question 9 continued

<) 4-2¢cos6 =0
=)%0sH = Y
=2 -l
C0s0 =2
but - <cosO¢/
~no real Solutions

S0 S canndt be P"‘"-"j imaginaq
UAY 2: from(a)

4 sk
?
=) 2= -l--":(,'
mod - |2y} ahich iS a contradiction
(saw how I2[2] cov\velqenij

~not purely imaginacy

31
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Question 9 continued

65
RRRLLES
RIIRKS

000
000,

0
o0gee

A
o%
(9%
0’.
<A

<

S
QIR
e tototee!
KK,
KKK
PEOsosesess

(Total for Question 9 is 8 marks)

8
¢
2L

%ot

X XK
XXX

odedote?

%
S ot setele!

3
09
29508
55
o8

KK
K

38

bogeses

X
X

0
IR,

TOTAL FOR PAPER IS 75 MARKS

%%
0%

P 6 6 7 9 7 A 0 3 2 3 2





